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A Landau mean field description of the nearly second order phase transition in sym -triazine crystals at - 200 
K is presented. A model Hamiltonian is generated which consists of the appropriate symmetry elastic constant 
terms, molecular rotational energy, and rotation-translation coupling terms (to second order in both strains 
and rotations). Due to the symmetry of the crystal in the high (R 3c) and low (C2/c) temperature phases, 
third order terms in the rotational order parameter are non vanishing; the transition is thereby a first order 
one (although only weakly so). This Hamiltonian is then converted to a free energy by addition of an entropy 
term calculated for an orientation distribution (about the z axis) based on pocket state functions. The Landau 
mean field model is developed by choosing a set of order parameters Ry (molecular rotation about the y axis) 
and strains e, and (e,-e,). The free energy expression is used to calculate relations between order parameters 
by setting aFlaRy = aFle, = aFlae, = O. Coupling terms including bilinear products of ep's and Ry are 
employed in this development. Renormalized temperature dependent elastic constants are derived. e ,(T) is 
solved for and found to be in good agreement with observed temperature dependences. Librational 
frequencies are determined from (a'H/aR,R),p = IOJ ,'8if' It is found that in the low temperature phase 
.dOJ = ~y - OJx Icxes in lowest order. Observed power laws for frequencies, splittings and strains with respect to 
E=(T - TJD are discussed in light of these new results. The role of third order terms in (Rx' Ry) is 
considered and found to be an important factor in apparent deviation from mean field exponents. 

I. INTRODUCTION 

Progress in our understanding of phase transitions 
and critical phenomena has been dramatic in recent 
years. In particular, a recognition of the universal 
nature of phase transition and critical dynamics as well 
as a reformulation of these concepts in terms of an ab
stract theoretical framework1 have been especially sig
nificant in the continued vitality of this field. These de
velopments have, of course, sparked experimental ac
tivity as well. Although phase transitions in Simple 
molecular solids such as H2, N2, and CH4 have been 
studied extensively, experimental and theoretical inter
est in solid-solid transitions in more complex molecular 
crystals is only relatively recent. 2 

As a class, molecular solids should occupy a rather 
central position in both theoretical and experimental in
vestigations of solid-solid phase transitions for three 
reasons: (1) they have short range interactions; (2) they 
have well-characterized structures and constituents; 
and (3) they are easy to handle, purify, and grow. Of 
particular significance for experimental considerations 
is the importance of short range interactions for the 
width of the critical region. 1,2a-b A dimensional analy
sis argument can readily be made showing that the tem
perature or pressure width of the critical region is in
versely proportional to the characteristic range of the 
interactions in the crystal. Therefore, it may well be 
that critical phenomena and critical behavior are much 
more accessible in molecular solids than in ionic ones. 
Moreover, at least several molecular solid phase tran
sitions do not appear to be explicable in terms of mean 
field (infinite range interaction)-soft mode theory. la,2 

alSupported by NSF Grant DMR16-187380. 
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This paper presents a theoretical investigation of the 
phase transition in a well-studied molecular crystal, 
sym -triazine (C3N3H3). The phase transition in triazine 
was first located by x-ray structure investigations, 3 

and then characterized by subsequent optical spectros
copy at zero and high electric and magnetic fields, 4 

Raman scattering, 5-7 NQR measurements,8 Rayleigh
Brillouin acattering, 9 heat capaCity measurements, 10,11 

and x_rayl2 and neutron scattering studies. 13 In addition, 
an attempt has been made to treat the phase transition 
theoretically and to reconcile some of these various 
data. 14 This latter theoretical effort is quite useful in 
identifying an order parameter for the transition but 
still leaves a number of questions open concerning the 
detailed mechanism and overall dynamiCS for the tran
sition. The details of the coupling between the elastic 
modes and molecular rotations have been omitted in 
previous studies, and thus a full elucidation of the tran
sition based on a classical Landau-type treatment has 
not been presented. 

The major conclusions that can be drawn from these 
earlier studies of the triazine phase transition are as 
follows: 

1. the transition is from a high temperature (atmo
spheriC pressure) trigonal phase with space group UsA 
(R3e) to a low temperature (high pressure) monoclinic 
phase with space group C~A (C2/c); 

2. the transition is first order, although only weakly 
so; 

3. the shear strain component e..,,(e5) is an order 
parameter for the structural deformation; 

4. molecular rotation out of the (x, y) plane, (R x , R y ), 

appears to be a reasonable orientational order param
eter; 
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5. anomalous behavior has been found for the trans
verse acoustic shear modes governed by the elastic 
consta nt C44; 

6. anisotropic multipolar intermolecular interactions 
seem to be necessary to stabilize the low temperature 
structure; and 

7. except in the immediate neighborhood of the tran
Sition, the thermodynamics seem adequately described 
by a Landau mean field description. 

The approach taken in this work to a theoretical de
scription of the triazine transition is to construct a 
model system which, within mean field constraints, can 
be solved in: some detail. Results and conclusions 
based on this model may then be compared with experi
mental data in order to determine which aspects of 
the triazine behavior can be analyzed in terms of this 
classical limit. A Hamiltonian is introduced which in
cludes rotational and elastic energies as well as a cou
pling between elastic strain components and rotational 
motion of the molecules out of the trigonal basal plane. 
USing this Hamiltonian, an expansion of the free energy 
of the triazine crystal is developed in terms of orienta
tional and strain order parameters. Within a Landau 
mean field approach the temperature dependences of 
these order parameters are calculated and compared 
with x-ray diffraction results. Anomalous behavior of 
the elastic constants c44' t(Cl1 -C12), and C14 is pre
dicted. Splittings of various spectroscopic features 
due to the change in symmetry at the structural trans
formation are discussed. The Landau-type mean field 
approach is applicable in situations for which third order 
terms in the free energy expansion are small so that 
first order character can be observed only close to the 
transition and hence the transition can be considered as 
nearly second order. Because of the similarities in the 
crystal structures, our overall approach is similar to 
that taken for the ionic solid, sodium azide. 15 In the 
final section, discussion is devoted to possible future 
elaborations of this approach and to the need for addi
tional lattice dynamical and experimental stUdies. 

The aim of the present investigation is to explore the 
nature of the structural transformation in triazine and 
to define soft-mode behavior in this example of a 
ferrodistortive transition in a molecular crystal. Our 
ultimate goal is to elucidate the physical mechanism of 
the structural phase transition. 

II. STRUCTURAL TRANSFORMATION 

X _ray2.12 and neutron diffraction 13 investigations re
port a structural phase transition in triazine at Tc = 199 
K and p = 1 atm. The high temperature (low pressure) 
structure is given as trigonal or rhombohedral, D;a 
(R3c), with two molecules per primitive unit cell at 
sites of average D3 (32) symmetry. The low temperature 
(high pressure) structure is monOCliniC, C~h(C2/c), with 
two molecules per primitive unit cell at sites of C2(2) 
symmetry. The transition is said to be "almost second 
order" with a small latent heat. 10 The transition temper
ature is found to increase linearly with pressure accord
int to Tc(p) = 198.9 + 18. 2p, where T is in K and p is in 

FIG. 1. The crystal structure of triazine for the trigonal 
phase at room temperature and atmospheric pressure. Only 
the nearest and next-nearest neighbors of a particular molecule 
at the center (shaded darker) are shown. The monoclinic axes 
XM' YM' and zM are indicated. The Xu axis is chosen to bisect 
a C-N bond of the central molecule. The YM axis then coin
cides with a C-H bond. 

kbar. 8 The high temperature structure of triazine is 
shown in Fig. 1. The crystalline x axis is choen to run 
between Nand C atoms of the central molecule of the 
figure, and the z axis is perpendicular to the molecular 
plane. For this choice of coordinate axes the x axis is 
oriented 30° from the hexagonal ah axiS, which runs 
through an N or C atom. 3,13,14 This choice of axes is re
tained for the monoclinic phase. 

The eigenvector generating the low temperature phase 
is that of an elastic shear (transverse acoustic) mode 
propagating in the monoclinic xy plane (hexagonal ahb h 

basal plane) and polarized along the monoclinic z axis 
(hexagonal ch axis). 13,14 The corresponding lattice strain 
is en or e5' The nature of this deformation is illustrated 
in Fig. 2. The deformation shown in Fig. 2 is drawn in 
the monoclinic (XZ)M plane. This corresponds to one of 
three possible triple-tWinned domain structures; the 
other two are related to the one of Fig. 2 by rotation 
of 120° about the z axis. 

The strain e5 is related to the change in coti3M• Here 
aM' bM, CM' and 13M are monoclinic cell parameters, as 
shown in Fig. 2(b), and defined by Smith and Rae. 12 The 
change in the monoclinic angle aM = 13M - 90° was identified 
as the order parameter for the transition by Rae. 14 

Figure 3 shows the temperature dependence of 
I ~(tanaM)1 for the data of Smith and Rae. 12 The temper
ature dependence of the shear angle aM was previously 
thought to be fairly well described by a power law of the 
form (Tc - T'f, with an exponent 13""- t. This conclusion 
is supported by NQR studies of the transition as a func
tion of pressure. This value of the exponent 13 suggests 
a Landau or mean field description for the phase transi-
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(0) 

(b) 

FIG. 2. A cut through the {xZ)M plane of Fig. 1. The triazine 
molecules are represented by the ellipsoids. which roughly 
correspond to their shape. Part (a) shows the molecular orien
tations in the high temperature phase. The dashed curves in
dicate the orientations of the central molecule with its axis 
tilted by ± 17.5°. Part (b) shows the molecular orientations in 
the low temperature phase. Little orientational freedom re
mains. 

tion. Such mean field behavior is also substantiated by 
the absence of a high temperature tail for the heat ca
pacity, which indicates no order parameter correla
tions above Tc.10.ll For comparison, a (Tc_T)1/2 be
havior for the strain is also indicated on Fig. 3. De
viation of the data from a Simple mean field power law 
is noticeable. 

One reason for the poor fit of a {3= 1/2 exponent is 
that the data of Smith and Rae indicate a small discon
tinuity in the strain order parameter at the transition 
temperature. Thus, as found also from heat capacity 
measurements (t!.H trans ~ 75 J mor l ), 10 there is a small 
first-order character to the transition. This is to be 

expected from an application of the Lifshitz criterion 
to a D3d - C2h transition. This transformation involves a 
reduction by a factor of 3 in the number of point group 
symmetry elements. Hence, according to group-theo
retical considerations, this transition will have non
zero third order terms in the expansion of the free en
ergy and, consequently, will not be strictly of second 
order. IS 

In Fig. 3 we have also included the results of Smith 
and Rae l2 for the strain en; -eyy=el -e2"'e7' Here el 
-t!.aMiaMx and e 2-t!.bM/b M, where aMx =aMsin{3M' Plotted 
in Fig. 3 is t!.aMiaMx' These results indicate that the 
strain e7 is very small, if it is at all present. There
fore, one concludes that the trigonal to monoclinic defor
mation can be described in terms of the strain order pa
rameter es. 

Stability criteria for crystals of trigonal classes 
3m(D3d ) have been outlined by Cowley. 16 The strain es 
belongs to the irreducible representation Eg , with strain 
basis functions [es, e6] and [el - e2 '" e7, e4]' Cowley states 
that for this representation there is in general no acous
tic wave whose velocity is zero when the corresponding 
elastic constant stability condition 

(1) 

is violated (equal to zero). The elastic constant matrix 
cpa is tabulated in Appendix A for the trigonal classes . 
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FIG. 3. The lattice strain as a function of temperature. The 
solid dots represent the data of Ref. 12 for t!.aMs/aMs' which 
measures the strain (et - ez). The empty circles indicate the 
data of Ref. 12 for I a(cotPM) I • where 13M is the monoclinic 
cell angle. This quantity measures the strain component e5' 
For comparison. the dashed line indicates a (Tc - T)8 depen
dence. Here f3=! according to Landau's theory of second or
der phase transitions. Also show is a fit to the data using 
Eqs. (34) and (36) for e5(T). 
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However, there are special instances for which an 
acoustic mode velocity will vanish. The diagonalization 
of the dynamical matrix 

(2) 

is outlined in Appendix B. For the loo&J direction the 
transverse acoustic mode velocity VTA -~. It also 
follows from Appendix B that one of the the transverse 
sound velocities in the l~oOl direction will vanish if sta
bility condition (1) is equal to zero. In the l 01)0 1 direc
Hon will vanish is stability condition (1) is equal to 
zero. In the [01)01 direction, one of the transverse sound 
velocities is proportional to It(cl1 - CI2)' 

The softening of the [oo&lTA and the l~oolTA acoustic 
modes has recently been observed by inelastic neutron 
scattering. 13 This softening was found to extend consid
erably in the Brillouin zone and was attributed to an in
stability of the c44 elastic constant. In these measure
ments phonon 'modes remain well defined and under
damped down to temperatures close to the transition 
temperature, Te. Below Te, the modes stiffen again 
quickly. It has been proposed13 that the phase transition 
in triazine results from an elastic instability and is 
therefore accompanied by a softening of a q = 0 acoustic 
mode. 1S,17 

A group theoretical analysis of the phase transition in 
triazine can be carried out in the same manner as for 
sodium aZide, 15 since the space groups of the high and 
low temperature phases are similar. As for sodium 
azide the transformation proceeds as D3d - C2h• The 
representation Elf of D3d contains the totally symmetric 
representation Aif of C 2h• Hence order parameters for 
the system can have Elf symmetry (in the high tempera
ture phase). Relevant strain order parameters are 
(el = - e2, e4) and (e5, es), with e5 being dominant. 

The lattice deformation, characterized by the above 
strains with Elf symmetry, is accompanied by a tilt of 
the axis of the triazine molecules. This tilting occurs 
about the monoclinic y axis for the domain of Fig. 2. 
In general, tilting of the molecules is described by (R", 
R y), that is, rotations about the monoclinic xM and Y M 

axes. For D3d (R", Ry) also transform as Elf' 

Reorientation of the molecular planes is clearly 
coupled to (expressible in terms of) lattice strains. Be
cause both are of the same symmetry type, bilinear and 
higher order coupling terms between (R", Ry) and the e's 
exist. This coupling can be expected to lead to an in
direct triazine -triazine interaction which results in a 
reorientation of molecules in the low temperature phase. 
This type of phase transition is classified as ferroelas
tic. 16,17 Examples of ferroelastic phase behavior are 
found in the alkali cyanides l8

- 23 and aZides l5
; a more ex

tensive list can be found in Ref. 17. The extent of the 
orientational disorder in the high temperature phase 
varies considerably for different materials and struc
tures. 15 

III. ORIENTATIONAL DISTRIBUTION FUNCTION 
AND ENTROPY 

Long-range orientational order of triazine molecules 
at a temperature T can be described by a single particle 

orientational distribution function P(~). The probability 
that the molecule has its axis directed within the solid 
angle dn=sin8d8d¢, about the direction n= (8, ¢), is 
given by p(n )dn. The orientational distribution func
tion can be expanded in terms of symmetry-adapted 
spherical harmonics or rotation matrices, as will be 
discussed in Sec. IV. 

Molecular orientations in both trigonal and monoclinic 
phases of triazine are well defined relative to certain 
equilibrium orientations. Hence an expansion of P(~I.) 
in terms of spherical harmonics would be cumbersome, 
and it might actually be much more efficient to use a 
pocket state formalism. 15,24 In the case of extremely 
localized orientational pockets, the pocket state dis
tributions can be approximated by delta functions. Be
cause of the threefold symmetry of the triazine crystal, 
one writes 

in which 

nl = (81, ¢I) , i=1,2,3, 

are the three possible orientations of the molecules about 
the threefold axis of the crystal. It should be pointed 
out that the sum of delta functions (3) is a very rough ap
proximation to the actual orientational distribution func
tion for triazine. This distribution function probably re
sembles that of sodium azide, 15 which points along the 
threefold axis, but has a slightly triangular shape. Some 
degree of orientational disorder is, however, expected 
in the high temperature phase of triazine as well. For 
the choice of coordinates gigen in Fig. 2, ¢ 1 == 0, ¢2 

== 21T/3, and ¢3 = 41T/3. 

If one defines 

then 

xl=1, Yl=O. 

X2==-!' Y2==v'3/2, 

x3== -~, Y3== --13/2, 

Averages are found according to 
3 

(x)=Jp(n)XdQ =L PIXI . 
1=1 

Equation (4) then yields the relations 

PI =t+ t(x) , 

P 2=t -t(xh (y)//3, 

P 3=t -t(x) -(y)//3. 

(4) 

For small tilt angles 81 one may identify rotations about 
the x- and y axes as 

R,,=-(y) and Ry=(x) , 

so that 

P 1=t+2R/3, 

P 2 = t -R/3 - R,,//3 , (5) 
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The orientational entropy of the crystal is 
S 

S=-NkBj p(n)lnp(n)dn=-NkB~ P.lnP., (6) 

where N is the number of molecules and k B is Boltz
mann's constant. Using Expressions (5) for the orien
tational distribution (3) and expanding for small rota
tions (R", R y ), the orientational entropy part of the free 
energy per molecule is 

1 - N TS = - constT + kB T(R; + R;) 

- k B T(R; - 3R~y)+ %k B T(R; + R;)2 + . . . (7) 

This formulation of the change in ordering of molecular 
orientations implies a certain degree of disorder of 
these orientations in the high temperature phase, simi
lar to that observed for sodium aZide, 15 and pointed out 
previously for the case at hand. 2.4 

IV. FERROELASTIC INTERACTIONS 

A. Elastic energy density 

The elastic energy density is 

(8) 

The elastic constant matrix for the present problem is 
tabulated in Appendix A. The result for DSd (3m) is, 
in Voigt notation, 

3CE = UE =! dl + ch (el + e2)2 + !-c~3e~ 
V 2 2 

+ c~3(el + e2)e3 + !-c~4(ei + e~) 

1 ° ° C 11 - C 12 (2 2) ° ( ) +"2 2 e6+e7+c14e5e7-e4e6' 

Here, as above, we have defined e7 == el - e2' The 
superscripts 0 on the elastic constants indicate that 
these co's are relatively temperature independent. 
Here V is the volume of the crystal. 

B. Orienting potential 

(9) 

The general form of the rotational energy, as an ex
pansion in R" and R y , can be deduced from the symmetry 
of the problem. For Dad symmetry the expansion has the 
form 

3CR = !-a(R; + R;) + tb(R! - 3R!Ry) 

(10) 

where the averages ( ... ) have been left off. Since 3CR 

contains both a crystal field and a mean field due to mol
ecule - molecule anisotropic interactions, the coefficients 
a, b, c, ... are in general temperature dependent. 
Crystal field terms are, however, expeeted to dominate 
for triazine, as will be indicated below. Note that Eq. 
(10) has the same form as the free energy introduced by 
Rae of the shear angles (0, cf». 14b 

By way of justification of this form as more than an 
abstract group theoretical construct, it is necessary 
to consider the nature of the intermolecular potential in 
a triazine crystal. 

Ab initio calculations of Mulder, van Dijk, and Huis
zon25 indicate that long-range interactions between seven 
(aza) benzene molecules, including triazine, must be de
scribed in terms of anisotropic dispersion and induction 
interactions as well as multipole -multipole terms. 
They found that triazine is expected to behave much 
more like an octupole than a quadrupole, the latter mo
ment being small. In the notation of Ref. 25 the quadru
pole moment is Q2.0 = 1. 74 a. u. and the octupole moment 
is Q3. -3 = - 88. 1 a. u. Since octupole -octupole interac
tions between neighboring triazine molecules seem to be 
the dominant multipolar coupling, one must specify the 
orientation of each molecule by three degrees of free
dom. Therefore, one needs to expand the intermolecu
lar interactions between two triazine molecules in terms 
of the rotation matrices D~m,(O!i3Y). 26 Angular variables 
(a(3y) in the rotation matrices are the Eulerian angles 
representing the mOlecular orientations relative to the 
intermolecular axis connecting the two molecules. 

The anisotropic dispersion, inducUon, and repulsion 
interactions between triazine molecules can be ex
panded in the same manner as the multipolar terms, but 
with a different R dependence. The determination of 
the relative importance of various contributions, i. e. , 
dispersion, induction, multipolar, repulsive overlap, 
and perhaps hydrogen bonding27

• 28 to an anisotropic tri
azine-triazine dimer interaction potential must await 
further eluCidation of the details of the potential. How
ever, one would expect that anisotropic repulsive in
teractions, as well as electrostatic hydrogen bond type 
C -H· .. N interactions, will play an important role in 
the overall pair energy. 

It is therefore reasonable to define an effective single 
particle potential for each triazine molecule, which 
represents the orienting field in which each molecule 
librates and reorients itself. This means the orienta
tional field as the form 

(11) 
Imn 

The coefficients ern depend on the average orientations 
of neighboring molecules and are in this manner depen
dent on temperature and order parameters. 

For D3d symmetry only the following terms will con
tribute to the sum (11): 

(12) 

It was noted previously that the rotations about the x 
and y axes, R" and R y , transformed according to the 
representation Eg and are thus proper orientational or
der parameters. It is therefore appropriate to express 
the orientational field (12) in terms of (R", R), for ex
ample, 

(13) 

The rotation matrices of Eq. (11) can be related to ex
pressions involving R" and R y , like the above, but will in 
general contain the rotation about the threefold axiS, Re. 
For DSd, Re transforms according to A2l' and no bilinear 
coupling between R. and the lattice strains with Eg sym
metry can arise. Any coupling between the R. libration 
and lattice deformations must occur in higher order and 
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will be ignored in the present paper. This approach 
seems well justified in light of the structural findings 
discussed previously. 

c. Rotation-translation coupling 

Coupling of molecular rotations to lattice strains and 
orientational coordinates. A coefficient in the expansion 

____...J 

( 
ei - e~ ) ( e~ - e~ \ + E e4eSR x - 2 Ry + G eae7R x + --2- Ry J 

of the rotation-translation coupling can exist only if the 
corresponding symmetric powers of (es, ea), (e7, e4), 
and (Rx, Ry) belong to the same irreducible representa
tion. Appropriate powers of strains and rotations and 
their products are found by the usual group theoretical 
techniques. For D3d symmetry, allowed coupling terms 
are 

( 
ei - e~ R2 - R2) ( e~ _ e~ R2 _ R2) 

+ H e4esR xRy - --2- x 2 y + I eae7RxRy + 2 ~ 

+ J [(e sea - e4e7 )Rx - (e4 £t + eSe7 )RJ + K[ (- esea - e4e7 )RxRy + (e4ea + eSe7 )RxRy] + ... (14) 

JeRT may also be written in terms of the symmetry-adapted spherical harmonics. The V,m'S which occur in bi
linear coupling terms, for example, are 

in which 11m and Yfm are real linear combinations of V'm and Y'-m with ¢ dependences cos(m¢) and sin(m¢), re
spectively. IS 

V. LANDAU MEAN FIELD MODEL 

The free energy of a system of coupled triazine hin
dered rotators can be constructed from the total inter
action energy 

(15) 

as given by Eqs. (9), (10), and (14), and an orientational 
entropy contribution of the type discussed in Sec. III. 
The potential energy surface specified by Eq. (15) in the 
space of the strain components (e4, es) and (ea, e7) is the 
usual "Mexican hat" with three potential minima located 
away from the threefold axis. In the high temperature 
phase we eXipect some disorder in the molecular orien
tations, i. e., R; + R; '" O. The Mexican hat potential 
surface (15) then implies lattice deformations [e~ + e~] 
o::a[R; + R!] and [e~ + d]o::[R; + R!]. The usual Landau 
result for the free energy per molecule is 

F= tao(T - To)(R; + R;) + tb(R~ - 3R;Ry) 

(16) 

Here it has been assumed that strain order parameters 
(e4, es, ea, e7) and orienta tiona 1 order parameters (Rx, Ry) 
in the neighborhood of the phase transition are suffi
ciently small that an expansion of the form (16) is still 
valid. We thus expect that third order contributions to 
F are small, so that the transition is nearly second 
order. The entire temperature depencence has been 
included in the term quadratic in Rx and R y • Tempera
ture dependent quadratic terms can arise either from 
the entropy (7) or the rotational energy (10); it is actual
ly likely that both contribute to this phenomenological 
description. Coefficients b, c, ... , the elastic constants 
c~, and rotation-translation coupling coefficients A, 
B, C, D, ... are assumed to be temperature independent 
in the neighborhood of the phase transition. It is ex
pected that To < 0, as is the case for the alkali cya-
nides. 19.20 It follows that for ao > 0 and c> 0, one must 

have b < 0 if the JeR terms alone are to stabilize the dis
torted structure with (Rx, Ry) '" O. For b = 0 the mini
mum in orientational energy would always be at (Rx , R) 
= 0 if JeR alone were considered. Introduction of the 
coupling trrms in 1CR T raises the transition temperature 
by producing indirect orientation dependent triazine
triazine interactions, mediated by the lattice, which add 
considerably to the direct interactions contained in Jew 
It should be noted that the present mean field treatment 
neglects correlations such as 

(R;> - (Rx)2 and (R;> _ (Ry)2 . 

At 200 K an estimate of the rms angular displacements 
for rotations about the x and y axes is about 6°. Hence, 
in the transition region, (R;) and (R;> may actually 
differ considerably from (Rx)2 and (R.)2. 

It is well known that the crystal develops three do
mains below Tc ("triple twinning"). 4.13 The three do
mains correspond to molecular rotations 

and the strains 

as well as 

respectively. We can, however, without loss of gen
erality concentrate on domains in which the order pa
rameters are simply Ry, es, and e7. 

Considering these order parameters only, the free 
energy (16) reduces to 

1. 2 1. 3 1. 4 1. 0 2 !. dl - C~2 2 
F = 2ao(T - To}Ry + 3bRy + 4cRy + 2c44e5 + 2 2 e7 
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+ c~4e5e7 -AesRy + ~Ce5R; + ~Ee~Ry - tHeift; 

+ Be1Ry - ~De1R; - ~Ge~Ry + tle~R; -Je5e1Ry + ..• 
(17) 

Equilibrium values of Ry, e5, and e7 are determined by 
the conditions 

(18) 

Since all order parameters are of the same symmetry 
type, EK, it is a matter of taste as to which one of the 
three should be used as the basic order parameter of the 
system. We expect that solutions to Eqs. (18) have the 
general form 

(19) 
nm 

We choose to express Ry in terms of e5 and e7, thus de
fining e5 and e1 as the main order parameters for the 
system. 

It is seen from the from of the elastic energy density 
(9) that elastic constant C~4 corresponds to the ·strain e5 
and elastic constant ~(c~1 - d2) corresponds to the strain 
e7' Which elastic constant actually approaches zero 
fastest, as the temperature is lowered, depends on the 
values of the coefficients of the rotation-translation 
coupling (14). These are at present unknown for triazine. 
On the basis of experimental evidence, 12,13 we assume 
that C~4 < ~(c~ I - d2) < C~4' This assumption is consistent 
with the observation that the phase transition is accom
panied by a softening of the d4 elastic constant. 13 

Equating equal powers of e5 and e7 in Eq. (18) allows 
one to determine the coefficients a nm• The first few are 

A 
(20) al0 ( ) . ao T - To 

B 
(21) 

bA2 CA E 
a 20 = - [ao(T - TO)]3 - [ao(T - ToW - 2ao{T - To) 

(22) 
From the data of Smith and Rae, 12 as shown in Fig. 3, 

one can conclude that the strain component e7 is very 
much smaller than e5' Using Eq. (19), we can write 
the free energy (17) in the following form for the case 
e5 »e7: 

(23) 

in which, keeping only terms to order et 
tCl4 = tC~4 + tao(T - To)a~o -Aal0 , (24) 

b' = 3[ao(T - TO)al0a 20 + tba~o - Aa20 + tC:l'fo +tEalo] , 

(25) 
c' = 4[tao(T - To)(a~o + 2a lOa ao ) + ba~Oa20 

+ tcato - Aa30 + Cal0a20 + tEa20 - tGafo]. (26) 

Coefficients Cf4; b', and c' are in general temperature 
dependent. 

Suppose the strain e5 is imposed on the crystal. The 
molecular rotation coordinate Ry will follow almost im-

mediately to essentially the static equilibrium value. 
This is due to the rotation-translation coupling and re
sults in an effective (adiabatic) elastic constant C4~f. 
Having expressed Ry in terms of the strain components 
by Eq. (19), the effective elastic constant is simply 

cn! = B2F/Be~ . 

Equation (27) gives to order e~ 

C4~! = el4 + 2b' e5 + 3c' e~ , 

with 

and 

A2 
T~= To+-o-aOc44 

The transition temperature Te is determined from 

FI T=Te=O, BF I =0. 
Be5 ToTe 

Results for the transition temperature are 

T _ T~ - ~To 
e- 1 _ ~ , 

with 

~= 440 e =--::0:;- . 
cOU(T) 2 b,2 I 

C44 9 C44C T.T e 

(27) 

(28) 

(29) 

(30) 

(31 ) 

(32) 

(33) 

Since it is expected that c', ~ > 0 and it has been as
sumed that To < 0, the inequality Te > T~ holds. It fol
lows from Eq. (28) together with Eqs. (21) and (24) that 
the transition occurs at a temperature above To, at which 
point Cl4 is expected to vanish. Only if b' = 0 does Te 
= T~ obtain. 

In the neighborhood of the transition one can approxi
mate b' and c', as given by Eqs. (25) and (26), by their 
values at Te. One then obtains the usual result for the 
order parameter in the case of a first order transition: 

(34) 

for TS Te and zero for T> Te. Here e5(Te) = - i(b' /e')/Te. 
Since we expect that b' < 0 and c' > 0, there is a dis
continuity e5 (Te) in the strain order parameter e5 at 
the transition, and the transition is first order. The 
discontinuity disappears if the third order terms 
vanish, i. e., if b' = O. Then the transition becomes 
second order and the strain order parameter has the 
usual form 

(
CO T'_T)1/2 

e5(T)= ~~ 
c T-To 

(b' =0). (35) 

We have fit a temperature dependence of the type (34) to 
the observed temperature dependence of the lattice 
strain, as measured by Smith and Rae. 12 A least 
squares fit of Eq. (34) to these data is shown in Fig. 3. 

The actual temperature dependences of b' and c' may 
be approximated by Eqs. (25) and (26), with all expan
sion coefficients am,,, except alo. set equal to zero. 
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The result then is 

for TS Te and zero for T> Te. Here C1 and C2 are con
stants. As shown in Fig. 3, Eq. (36) fits the data of 
Smith and Rae quite well. The least-squares param
eters are T~ = 193 K, To = -759 K, C1 = 3.19 X 10-5

, C2 
= 0.189. The large negative value for To confirms our 
earlier predictions, and is consistent with observations 
for other ferroelastic phase transitions. 19-33 The im
provement over a simple (Te - T)I/2 power law is evident 
from Fig. 3. Also, the present study of triazine tends 
to confirm earlier warnings concerning possible non
mean field behavior. In this qse we must also caution 
with the statement that "the observation of a critical-like 
exponent for the behavior of the long-range order param
eter does not, in itself, imply critical behavior. " 

A classification of the different types of elastic phase 
transitions in three dimensional crystals has been given 
by Folk, Iro, and Schwab!. 17 This classification is con
cerned with transitions for which the order parameter 
is a strain component and the soft mode is an acoustic 
phonon. Although these discussions are mainly con
cerned with second order transitions, they can be ap
plied to transitions which are weakly first order, as is 
the case for triazine. 

The anisotropy of crystals implies that the softening 
of the acoustic phonons is restricted to sub sectors of 
the wave vector space which are either one- (m = 1) or 
two dimensional (m=2). It is found that for one-di
mensional soft sectors in q space the usual dynamical 
scaling holds. For two -dimensional soft sectors re
normalization group studies indicate that classical 
critical behavior is modified by logarithmic correction. 

Folk et al. 17 give KCN, NaCN, and triazine as ex
amples of m = 2 behavior. However, an examination 
of the dynamical matrix for acoustic phonons of triazine, 
as given in Appendix B, shows only m = 1 soft acoustic 
modes. Thus, deviation from mean field behavior in 
the case of triazine may not be so simply rationalized. 

In the high temperature phase, where e5 = 0, the ef
fective elastic constant is ct4, as given by Eq. (29). 
This is the same temperature dependence as was found 
for the elastic constant C44 in KCN. 19,20 It is seen that 
Ct4 vanishes at T= T~. Since, in general Te> T~, with 
To negative, C4!f will reach its lowest value at T= Te, 
rather than at T~. The value of C!!f at the transition is 

The qualitative behavior of c!i f as a function of tempera
ture is sketched in Fig. 4. No discontinuity in cnf is 
predicted at T = Te. The effective elastic constant will 
only vanish at Te if the third order coefficient b' van
ishes. 

In a similar fashion one can find the temperature de
pendence of the shear elastic constant ~(c11 - cn). By 
keeping terms in the free energy Eq. (17) proportional 
to e? 

~ 
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FIG. 4. The predicted behavior of the elastic constants cu, 
!(cll -CI2)' and c14 as functions of temperature. 

F = ~(cT, - cT2)e~ + ~b" e5e~ + ~c' I e~e~ , 

where 

(37) 

~(crj - CT2) = ~(c~1 - d2) + ~ao(T - TO)a~1 + Baol . (38) 

The coefficients b" and cIt are in general temperature 
dependent and have a form similar to Eqs. (25) and (26) 
The effective elastic constant is determined from 

(39) 

The result is 

(40) 

The shear elastic constant above Te, where e5 = 0, is 
given by 

1 1 0 0 ) T - TO' 
"2(cTI-cT2)="2(c11- CI2 T-To 

with 

" 2B2 
To = To + (0 0 ) ao Cll - C12 

A sketch of the temperature dependence of ~(cnf 

(41) 

(42) 

- cW) is given in Fig. 4. For the case of bilinear cou
pling only, that is, all coefficients in the rotation-trans
lation coupling Eq. (16) except A and B are set equal 
to zero, the low and high temperature solutions for 
~(cW - cW) can be shown to match as indicated in the 
figure. 

To determine the temperature dependence of the elas
tic constant cW one expands the free energy in terms of 
eile7: 

F = cT4e5e7 + ~b'" e~e7 + tc'" e~e7 . (43) 
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Here 

cf, = c~, + ao(T - To)a loaol -Aaol + Balo , (44) 

and the coefficients b'" and c'" can again be determined 
in the same manner as for Eqs. (25) and (26). The ef
fective elastic constant is 

ct~f=a2F/ae5e7 , 

which yields 

with 

and 

_ 0 T-TQ" 
Cf4 - c I' T _ To 

(45) 

(46) 

(47) 

T~" ::::: To -AB/aod, . (48) 

The qualitative behavior of C!~f is also shown in Fig. 4. 
As is the case for the shear elastic constants C:~f and 
~(cw - C~f), cj~f also shows anomalous behavior in the 
vicinity of the transition. 

The effective elastic constants can also be calculated 
using the approach of Slonczewski and Thomas. 30 The 
results are basically the same as those given above, but 
have a somewhat different form. Details are given in 
Appendix C. 

VI. LlBRATIONAL FREQUENCIES 

An estimate of the q= 0 rotational frequencies for 
molecular librations about the x and y axes can be 
found from 

(i,j:::::x,y) , (49) 

where I is the moment of inertia ·of the triazine molecule 
about the x or y axes. For triazine Ix=Iy=I:::::~I •. In 
Eq. (49) one uses the total energy:!C, as given by Eq. 
(15). The strain components e p are held constant be
cause the lattice strains cannot relax during the period 
of a lib rational oscillation. Since Raman scattering 
measurements involve small but finite wave vectors, 
the librational modes will to a slight extent mix with 
the acoustic modes. This coupling is ignored in the 
present treatment. 

For the case of e4=es=Rx=0 the off-diagonal terms 
of Eq. (49) vanish, so that the lib rational frequencies 
are just equal to the diagonal terms. The results are 

IW;=~R I = -aoTo -2bR y 
a x es=const. 

+ cR; - Ce5 + ~He~ , (50) 

and 

Iw;= :~ I = -aoTo + 2bRy 
y es=coDSt 

+ 3cR; + Ce5 - ~He~ . (51 ) 

In the high temperature phase Rx =R y= 0 and e5 = 0, 
so that w;:::::w~- -aoTo. Below T e, Wx and Wy are split 
according to 

(52) 

Whether Wx or Wy is larger depends on the signs of the 
coupling coefficients and perhaps the relative contribu
tions of the Ry and e5 terms. For sodium azide the 
higher-lying mode was identified with A, [lib ration in 
the (XZ)M plane or Ry] and the lower-lying mode with B, 
[libration in the (yZ)M plane or Rx]. 31 This splitting is 
in qualitative agreement with the Raman spectrum of the 
rotary E, mode for T< Te' 5 To lowest order Rycx e5; if 
b * 0 and/or C * 0, then the splitting of the Eg rotary 
lattice can be approximated as 

~W::::: Iwy-wxlcxe5' 

Hence, the frequency splitting ~w is proportional to the 
order parameter but only to lowest order where the lat
ter is small. Therefore, care should be taken in de
fining a proper temperature range when a splitting of 
the lib rational frequencies is directly identified as the 
order parameter, as has been done for other sys
tems. 32•2a 

Translational lattice mode freqbencies and intramo
lecular vibrational frequencies depend on the crystal 
environment of each molecule. Because that environ
ment changes at the phase transition, a splitting of 
some triazine intramolecular modes results. 5-7 The 
change in symmetry at the structural phase transition 
is also reflected in the NQR spectra. 8 In this latter 
case splittings of resonances in the monoclinic phase 
are expected to be proportional to the order param
eter. Splitting in the low temperature phase is found to 
be well described by a (T~ - T)I/2 law, with T~= 200.8 
K. Only very close to Tc::::: 198. 8 are deviations from 
the Landau theory with {3::::: ~ observed. 8.14 

The NQR measurements indicate that triazine under
goes molecular reorientation about the threefold axis 
only at high temperature. The activation enthalpy is 
quite large, ~H ~ 14 kcal/mol. 8 Although the rather 
well-localized librational motion about the threefold 
axis is no doubt affected by the ferroelastic transition, 
the R. motion does not couple to the strains in a bilinear 
fashion, as does the (Rx, R) rocking motion. Some form 
of coupling between (e4, e5) and R. must take place in 
higher order, e. g., R.e4e5, R:(e~ + e~), etc. Details of 
the coupling between translational, intramolecular, and 
reorientational motions with the changing lattice environ
ment near the phase transition remain to be elucidated. 

VII. CONCLUSIONS 

This study has presented a relatively complete theo
retical description of the sym -triazine trigonal-mono
clinic phase transition in the mean field Landau limit. 
The transition is seen to arise from a coupling between 
shear (transverse) acoustic modes associated with elas
tic constant c~4(e" e5) and molecular rotations out of the 
basal plane (R x , R y ). The Hamiltonian of the crystal is 
found to consist of three contributions: orientational, 
elastic, and the rotation-translation coupling. This 
coupling leads to an indirect orientation-dependent in
teraction between triazine molecules. This indirect 
coupling is added to the direct orientation dependent 
triazine-triazine interactions which consist mainly of 
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electronic overlap and octupole-octupole contributions. 
It is this indirect interaction which overcomes a very 
strong orienting crystal field and brings about the struc
tural transformation. 

Within the Landau mean field thea ry, expansion of the 
free energy of the crystal has been written in terms of 
the strains (e4, es, e6, el - e2) and the rotations (Rx, Ry). 
In the neighborhood of the transition all expansion coef
ficients' except the one for the (R; + R;) orientational 
term, are assumed to be temperature independent. For 
this term the usual ao(T - To) dependence is used. This 
temperature dependence of the quadratic term in the free 
energy expansion can arise from either or both of the 
following contributions: an effective orientational field 
experienced by a single molecule in the environment of 
of its neighbors, which is temperature dependent, and 
an entropy contribution due to a change in the orienta
tional distribution function. 

The specific heat anomaly associated with the struc
tural transformation in triazine is similarly made up 
from the following contributions: an orientational order
ing term, as considered in Sec. III, and a lattice dy
namical term. The lattice dynamical specific heat con
tribution is a function of the Debye temperature of the 
crystal. One would expect an anomaly in the specific 
heat to be due to both rotational ordering (entropy terms) 
and the softening of the transverse acoustic phonon ve
locities VTA in certain directions in the Brillouin zone. 

If the lattice dynamical terms dominate the orienta
tional entropy contributions, the transition might be 
classified "displacive" rather than "order disorder. " 
This is probably the case for triazine since the extent 
of the disorder in the high temperature phase seems to 
be small. The details of the temperature dependence of 
the orientational distribution function remain to be 
worked out. 

The structural transformation in triazine is found to be 
weakly first order. The elastic constants c4h t(c11 
- C12), and c14 all exhibit a strong temperature depen
dence near the transition, but do not actually vanish 
because of the first order character of the transition. 

x 

y 

z 

x 

C uq! + t (eu - C12) q~ 

+ C44q! + 2C14qxq. 

y 

t (ell + C12)q~, 

- 2c14q,q. 

The diagonalization of the matrix M .. B(q) yields the fol
lowing eigenvalues for q along the following symmetry 
directions: 

The elastic constant c44 shows the strongest tempera
ture anomaly. A comparison of the predicted tempera
ture dependence of the strain order parameter e5 with 
experiment indicates an improvement over a simple 
(T - Tc)1/2 mean field power law. This is mainly due 
to the cubic term in the free energy which produces a 
discontinuity of the order parameter at the transition. 

Based on the coupled Hamiltonian, librational fre
quencies are calculated at constant values of the strains. 
These frequencies are different for Rx and Ry librations. 
with a first order splitting proportional to the order pa
rameter for the transition e5' However, e5 must be 
small for this approximate relationship to hold. 

APPENDIX A 

I. Elastic constant matrix 

In the coordinate system of Fig. 1, nonzero elements 
of the elastic constant matrix for D 3d (3m) symmetry are 

1 2 3 4 5 6 
xx yy zz yz zx xy 

1 xx Cll CI2 CI3 C14 

2 yy CI2 Cu CI3 - CI4 

3 ZZ CI3 CI3 C33 

4 yz C44 - C14 

5 zx CI4 - C 14 C44 

6 xy - C14 t (CU - C12) 

Here we employ the Voigt notation where 

ep=e .. B' Cl={3=p, 

ep=e .. B+eB .. , Cl*{3, p=q-Cl-{3. 

APPENDIX B 

I. Acoustic dynamical matrix 

In the coordinate system of Fig. 1 the dynamical ma
trix of acoustic modes for D 3d (3m) symmetry is 

z 

(c13 + C14)q,q. 

- 2c14qxqy 

(C13+ C14)Qxq. 

+ C14 (Q! - Q~) 

q=[O 0 l;] 

(Bl) 
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(B2) 

q=[~oo], 

PWiA = Cn ~z , (B3) 

p~ A =~ ~Z ([~ (en - CtZ) + C44] 

± {[~ (en - Ctz) + C44]Z - 4 [~ (ell - Ctz) C44 - Ci4W/Z) , 
(B4) 

PWiA =~ (en - C12) 1)z , 

p ~A =~ 1)Z{(en + C44l±[ (en ~ C44 JZ + 4C~4P/Z} . (B5) 

APPENDIX C 

I. Effective elastic constants 

The effective elastic onstants can be calculated fromz9 

eU 0 ~ aZ F aZ F 
cpa = Cpa - L...J ae aR S_I aR ae _I p _ 1 a 

where the matrix Su satisfies 

~ aZF 
L...J Su 8R aR = o_m . 

1 I", 

For the case e4 =es =Rx =0 and e7« es one finds 

eU_ 0 A'z 
C44 -C44 -7 ' 

eff 0 A'B' 
C14 = C14 + -a-'- , 

where 

A' =A -CRy -Ees+HesRy , 

B' =B -DRy -Jes , 

(Cl) 

(C2) 

(C3) 

a'=ao(T -To)+2bRy+3cR~+Ces -~He~ . (C4) 

An expansion of Eqs. (C3) in terms of es yields the 
corresponding relations in Sec. IV. 
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